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Abstract 

The intimate connection between the Banach space wavelet reconstruction method on 
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known quantum tomographies, such as: Moyal-representation for a spin, discrete phase 
space tomography, tomography of a free particle, Homodyne tomography, phase space 
tomography and SU(1,1) tomography is explained. Also both the atomic decomposition 
and banach frame nature of these quantum tomographic examples is explained in details. 
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Finally the connection between the wavelet formalism on Banach space and Q-function 
is discussed. 



1 INTRODUCTION 

The mathematical theory of wavelet Transform finds nowadays an enormous success in vari- 
ous fields of science and technology, including treatment of large databases, data and image 
compression, signal processing, telecommunication and many other applications [1] . After the 
empirical discovery by Morlet [2], it was recognized from the very beginning by Grossmann, 
Morlet, Paul and daubechies[3] that wavelets are simply coherent states associated to affine 
group of the line (dilations and translations) [4, 5]. Thus, immediately the stage was set for 
a far reaching generalization [3, 6]. Unlike function which form orthogonal bases for space, 
Morlet wavelets are not orthogonal and form frames. Frames are the set of functions which 
are not necessarily orthogonal and which are not linearly independent. Actually, frames are a 
repeatable set of vectors in Hilbert space which produces each vectors in space with a natural 
representation. 

Recently another concept called atomic decomposition have played a key role in further 
mathematical development of wavelet theory. Indeed atomic decomposition for any space of 
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function or distribution aims at representating any element in the form of a set of simple func- 
tion which are called atoms[9]. As far as the Banach space is concerned, Feichtinger-Grocheing 
[10] provided a general and very flexible way to construct coherent atomic decompositions and 
Banach frames for certain Banach spaces, called coorbit spaces. 

The concept of a quantum state represents one of the most fundamental pillars of the 
paradigm of quantum theory. Usually the quantum state is described either by state vector 
in Hilbert space, or density operator or a phase space probability density distribution (qua- 
sidistributions) . The quantum states can be determined completely from the appropriated 
experimentally data by using the well known technic of quantum tomography or better to say 
tomographic transformation. 

A general framework is already presented for the unification of the Hilbert space wavelets 
transformation on the one hand, and quasidistributions and tomographic transformation as- 
sociated with a given pure quantum states on the other hand [11]. Here in this manuscript 
we are trying to present the intimate connection between the Banach space wavelet recon- 
struction method developed by Feichtinger-Grocheing [7, 10] and some of well known quantum 
tomographies associated with mixed states, such as: Moyal-representation for a spin [12], dis- 
crete phase space tomography [13], tomography of a free particle [14], Homodync tomography 
[15, 16, 17, 18], phase space tomography [14, 19, 20]and SU(1,1) tomography [21], all which 
can be represented by density matrices. Since the density matrix can be presented through 
Banach space in quantum Physics [22]. Therefore, it is natural to do quantum tomography of 
each density matrix by using the wavelet transform and its inverse in Banach space on Homo- 
geneous space corresponding to the associated density matrix. The quantum tomography used 
by this method for the mixed quantum states is completely consistent with other commonly 
used methods. Also both the atomic decomposition and banach frame nature of these quantum 
tomographic examples is explained in details. 

The paper is organized as follows: 
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In section-2 we define wavelet transform and its inverse on liomogeneous spaces witli botli 
singlur and nonsingular vacuum vectors. In section -3 we obtain some typical quantum tomo- 
graphic examples with nonsingular vacuum vectors, such as: Moyal-representation for a spin, 
discrete phase space tomography, then define its atomic decomposition and Banach frame 
bounds. In section -4 we obtain some typical quantum tomographic examples with singular 
vacuum vectors, such as: Homodyne tomography, phase space tomography, SU(1,1) tomog- 
raphy and tomography of a free particle and define its atomic decomposition and Banach 
frame bounds. Finally, the connection between the wavelet formalism on Banach space and 
Q-function is discussed. The paper is ended with a brief conclusion. 



2 Wavelet transform, frame and atomic decomposition 
in Banach spaces on homogeneous space: 

The following is a brief recapitulation of some aspects of the theory of wavelets, atomic decom- 
position and Banach frame on homogeneous space. We only mention those concepts that will 
be needed in the sequel, a more detailed treatment may be found for example in [7, 10]. Let 
G be locally compact group with left Haar measure d/i and H be a closed subgroup of G. Let 
[/ be a continuous representation of a group. The homogeneous space is meant by X — G/H . 
Since U is not directly defined on G/H, it is necessary to embed G/H in G. This can be re- 
alized by using the canonical fiber bundle structure of G with projection H : G — > X. Let 
a : X — )• G be a borel section of this fiber bundle i.e., H o a{x) — x for all x E X. 

We could define a representation for homogeneous space X x X in the space JC{B) of 
bounded linear operators B ^ B: 

T:XxX^ C{C{B)) : 6 U {x{}dU {x^^) , (2-1) 

where if Xi is equal to ^2, the representation is called adjoint representation, and, if ^2 is equal 
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to identity operator, the representation is called left representation of homogeneous space. 

Let C{B) be the space of bounded linear operator B — > B in Banach space. We will say 
that bo e B is a vacuum vector if for all h E H then U{h)ho = x{h)bo and also the set of 
vectors b^; — U{x)bo forms a family of coherent states, if there exists a continuous non-zero 
hnear functional Iq E B* { called test functional ) and a vector bo E B { called vacuum vector) 
such that 

C{bo, &;) = / < T{x-')bo, lo >< T{x)b'„ > dfi{x), (2-2) 
is non-zero and finite, which is known as the admissibility relation. 

If the subgroup H is non-trivial, one does not need to know wavelet transform on the whole 
group G, but it should be defined on only the homogeneous space G/H, then the reduced 
wavelet transform W to a homogeneous space of function F(X) is defined by a representation 
U of G on B, a vacuum vector bo E B and a test functional lo E B* such that [7] 

yV:B^ F{X) : d{x) = [Wd]{x) U{x-^)d,lo >=< d,TT*{x)lo > Vx E X. (2-3) 

The inverse wavelet transform Ai from F(X) to B is given by the formula: 

M : F{X) B : d{x) ^ M[d] = j d{x)b^d^i{x) = j d{x)U{x)bod^ji{x). (2-4) 

The operator P — MW : B i — > B is a projection of B into its hnear subspace in which bo 
is cyclic (i.e., the set {T{x)bo\x E X} span Banach space B), and A^>V(0) = P{0) in which 
the constant P is equal to There are two different cases which correspond to different 

choices of vacuum vector: 

a) Non-singular cases: 

In this case, U is an irreducible representation, then the inverse wavelet transform Al is a 
left inverse operator on B for the wavelet transform W i.e., MW—l for which admissibihty 
relation (2-2) holds. 

b) SingulEir ceises: 

In this case the representation U of G is neither square- integrable nor square-integrable modulo 



a subgroup H. Therefore, the vacuum vector bo could not be selected within the original Banach 
space B (representation space of U ). Then, in the singular theorem, we assume that there is 
a topological linear space B with B as its subset such that: 

1- B is dense in B and representation U could be uniquely extended to the continuous 
representation U on B. 

2- There exists bo E B such that the following relation holds for all /i e if 

U{h)bo = x{h)bo, X{h) e C. 

3- There exists a continuous non-zero hnear functional lo G B* such that U{h)*lo = x{h)lo 

4- The following relation holds for a probe vector po & B 

C{bo,Po)=< <U{x~^)pq,Io> U{x)bodii{x),lQ>, (2-5) 

where the integral converges in the weak topology of B. 

5- The composition AiW : B ^ B oi the wavelet transform and the inverse wavelet trans- 
form map B to B. 

The choice of probe vector is similar to regularization[27], which have been used in our calcula- 
tions. According to the theory of distribution, the smoothness, regularity, and localization of a 
temper distributions can be improved by a function of the Schwartz class. Various regularizers 
can be used for numerical computations. 
A good example is the Gaussian distribution : 

Rs{x) ^exp{-—), 

where Rs is a regularizer which has properties [27] 

Frames can be seen as a generalization of basis in Hilbert or Banach space[28]. Banach frames 
and atomic decomposition are sequences that have basis-like properties but which need not to 
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be bases. Atomic decomposition has played a key role in the recent development of wavelet 
theory. 

Now we define a decomposition of a Banach space on homogeneous space as follow: 
Definition of Coorbit space: let ;B be a Banach space and be an associated Ba- 
nach space of scalar-valued sequences indexed by = {1, 2, 3, ...}, and let {viji^N C B* and 
{xi}ieN C B he given. The coorbit space is the collecting of all functions for which wavelet 
transform is contained in B^- Similar to the definition of coorbit space in group, we can define 
coorbit spaces for X=G/H by [26]: 

Mp^{deB:WdeBd} with l<d<oo and norm ||6||mp = ||>v6||b^. (2-6) 

Definition of atomic decomposition: let Mp be a coorbit space and let Ba be an as- 
sociated Banach space of scalar-valued sequences indexed by iV = {1,2,3,...}. Let {yi — 
7r{a-\xi))lo}ieN C B* and {6^ = U{a-\xi))bo}ieN C Mp be given. If [26]: 

a ) {< O, yi >} e Bd for each O e Mp, 

b ) The norms ||0||mp and ||{< 0,yi >}||b^ are equivalent, 

c ) O = E^~l <0,yi> Xi for each 6 e Mp, 
then {{yi}, {xi}) is an atomic decomposition of X with respect to Bd and, if the norm equiva- 
lence is given by: 

A\\d\\M, < \\{< d,yi >}\\s, < B\\d\\M„ (2-7) 

then A, B are a choice of atomic bounds for {{yi}, {xi}). If i is a continuous index then 
Ei^Idi^{X). 

Definition of Banach frame: let Mp be a coorbit space and let Bd be an associated Ba- 
nach space of scalar-valued sequences indexed by A" = {1, 2, 3, ...}. Let {yi — Tr{a~^ {xi))lo}ieN C 
B* and {Oi = U{a-^{xi))bo}ieN C Mp and S : Bd — ^ Mp be given. If [26] 

a ) {< O, yi >} e Bd for each O e Mp, 
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b ) The norms ||0||mp and ||{< >}||Bd are equivalent, so that, 

^||0||mp<||{<0,i/,>}||b,<5||0||mp, 

c ) S is bounded and hnear, and S{< O, yi >} — O for each O e Mp. 
Then {{yi}, S) is a Banach frame for Mp with respect to Bd- The mapping S is a reconstruction 
operator. If the norm equivalence is given by 74||0||mp < ||{< 0,yi >}\\Bd ^ -S||0||mp, then 
A, B are a choice of frame bounds for {{yi}, S). 

It is a remarkable fact that the admissibility condition is a relation analogous to frame. Again 
if i is a continuous index then J2i ^ J d^{X). 



3 Quantum tomography with wavelet transform on ho- 
mogeneous space (non-singular case) 

3.1 Moyal-type representations for a spin 

In Moyal's formulation of quantum mechanics, a quantum spin s is described in terms of 
continuous symbols i.e., by smooth functions on a two-dimensional sphere. Such prescriptions 
to associate operators with Wigner functions, P- or Q-symbols, are conveniently expressed in 
terms of operator kernels satisfying the Stratonovich-Weyl postulates. Similar to this approach, 
a discrete Moyal formalism is defined on the basis of a modified set of postulates[12]. 

An = C/„A„,C/t, (3-1) 

where represents a rotation which maps the vector to n. 
By defining the associated kernel as 



A„ = |s,n)(s,n| = |n)(n| 



(3-2) 



A" = 



^ ^ 2s -I- 1 

m=-s 1=0 ^* ^ -L 







-1 


/ 

s 




^ s 


"J 




^ m 


m ^ 



|m, n)(m, n| 



= ^ A"*|m,n)(m,n|. (3-3) 

m=—s 

The reconstruction relation can be written as 

O = -^^^^ j^^ dnrr[OA„] A". (3-4) 

In the wavelet notation, the Banach space is (2s -|- 1) ^-dimensional and group is SU{2), the 
subgroup is U(l) and measure is d^{n) — ^|±^d(n) and the unitary irreducible representation 
of group is Un which is the result of with adjoint representation on the any operators in Banach 
space: 

f{n)d = UnOUl (3-5) 
Then the wavelet transform in this Banach space with the test functional, 

Zo(0) =rr(6^A"^|m,n,)(m,n,|), 

m 

is given by: 

W : 6 — > d{n) =< T{n)^d,lo >= Tr(c7„^OC7„ ^ A"^ | m,n, >< m,n, |), (3-6) 

m 

then we have: 

d{n) = TriOUnY^A^ \ m,n^ >< m,n^ \ uj) = rr(OA'*). 

m 

If we choose vacuum vector bo —\ s,nz >< s,nz |, the inverse wavelet transform M. becomes 
left inverse operator of the wavelet transform W: 

MW ^PI^M: d{n) ^M{d) = J < f\n)d, lo > T(n)6o (3-7) 
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By using the relations: 

2s + 1 



dn Tr 



A„, 



47r Js2 
and 

IV [A„,A"]=E^i'/(cose). 

1=0 ^6 + J- 

One can show that the constant on the left hand side of (2-2) is C(6o,6o) = 2s + 1 and 
the constant P — — 1, and finally the reconstruction procedure of wavelet transform 

(operating the combination of wavelet transform and its inverse one, A^W on the operator O 
) leads to the tomography relation (3-4). 

By the same choice as above for vacuum vectors and test functions, we can get the atomic 
decomposition and Banach frame for this example. To do it, we need further to choose the set 
{T{ri)lo} C B* as the index sequence of functional which belongs to dual Banach space, then 
we can show the following conditions: 

a) {< 0, f (n)/o >} = {rr(f t(n)O)} G Ba for each e Mp, 



b) The norms \\0\\mp and | |{Tr(rt(n)C>)}| | = [JTr{T^{n)0)Tr{T^n)0)dn{n)] are equiv- 
alent such that they can satisfy the inequahty (2-7) with the atomic bounds A=B=1, providing 
that we use the the Hilbert-Schmidt norm for the operator O and if we use the relation (3-4) 
we have: 

c) d = JTr{f^{n)d)f{n)bodfi{n), 

Therefore, {T{n)bQ, T{n)lo} is an atomic decomposition of Mp of bounded operators acting on 
representation space with respect to Bd with atomic bounds A=B=1. 

Finally, by the same choice of vacuum vector, test functional and index sequence of func- 
tional as in the atomic decomposition case, yield the required conditions (a) and (b) for the 
existence of Banach frame as the atomic decomposition one, and in order to have the last 
condition for the existence of atomic decomposition, we can define the reconstruction operator 
S as follows: 

c) S{Tr{T^n)d)} = J Tr{T^n)d)T{n)dij{n) = 6 for each 6 e Mp, 
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It is straightforward to show that the operator S as defined above is a hnear bounded operator. 
Therefore, {T{ri)lo, S} is Banach frame for Mp with respect to with frame bounds A=B=1. 

3.2 Discrete phase space tomography 

In ref [13] formalism was applied to represent the states and the evolution of a quantum system 
in phase space in finite dimensional Hilbert space and, finally, it was discussed how to perform 
direct measurement to determine the wigner function. This approach was based on the use 
of phase space point operator to define Wigner function. For discrete systems we can define 
finite translation operators Q and V, which respectively generate finite translation in position 
and momentum. The translation operator Q generates cyclic shifts in the position basis and 
is diagonal in momentum basis: 

Q"" \n>=\n + m>, Q'^\k>= exp{-27rimk/N) \k> . (3-8) 

Similarly, the operator F is a shift in the momentum basis and is diagonal in position basis : 

V"' \k>^\k + m>, y"' I n >= exp(2mmn/N) \ n> . (3-9) 

Now by identifying the corresponding displacement operators, the discrete analogue of the 
phase space translation operator is given by: 

U{q,p) = QW^exp{iTxpq/N). (3-10) 

Here we can define the point operator as: 

= 7^ UMexp{-2j^^^^l (3-11) 

V"^^^ ) n,m=0 

or as: 

A{a) = ^Q'^RV-Pexp{znpq/N). (3-12) 

That R is parity operator and it is worth noting that the phase space point operators have 
been defined on a lattice with 2N x 2N points, but it has be shown that there are only N'^ 
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independent phase space point operators on the set Gat = {o; = {q, p); < q, p < N — 1} . The 
tomography relation is given by: 

p^l/N J2 Tr{pU\a))U{a)^AN ^ Tr{pA{a))A{a). (3-13) 
where H^(q;) = Tr{A{a)p) is Wigner function. 

Now we try to obtain the tomography equation (3-13) via wavelets transform in Banach space. 
Obviously the group, subgroup and representation are finite Heisenberg, its center and U{a) 
respectively. Then the wavelet transform with the test functional 

lo{0) = Tr{0) for any operator O 

is given by 

W : B I — > F{a) : p — > p{a) =< p, la >=< W{a)p, /q >= Tr{W{a)p). (3-14) 

Since the representation is an irreducible representation, the inverse wavelet transform A4 will 
be the left inverse operator of wavelet transform W: 

M:F{a)\ — ^B:p{a) — > M[p] = p = ^ < pja > ba = <U^{oc)p,h > U{oi)ho, 

(3-15) 

We can obtain tomography relation (3-13), for the admissible bo — I/N. By the same choice as 
above for vacuum vector and test functions, we can get the atomic decomposition and Banach 
frame for this example. To do it, we need just to choose the {U{a)lo} C B*}, then we can 
show that: 

a) {< p, U{a)lQ >} = {Tr{pW{a))} e Bd for each p e Mp, 

b) The norms ||p||mp and ||{T'r(pC/^(Q;))}|| are equivalent and in the sense that they satisfy 
the inequahty (2-7) with the atomic bounds A=B=1, provided that we use the Hilbert-Schmidt 
norm for the operator O and if we use the relation (3-12), we have, 

c) p^EaTr(pW(a))u(a)bo, 

then {U{a)bo, U{a)lo} is a linear atomic decomposition of Mp with respect to Bd- 
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Finally by the same choice of vacuum vector, test functional and index sequence of func- 
tional as in the atomic decomposition case, we can show that the required conditions (a) and 
(b) for the existence of Banach frame as the atomic decomposition one, and in order to have 
the last condition for the existence of atomic decomposition, we can define the reconstruction 
operator S as follows 

c) S{Tr{pW{a))} = EaTr{pW {a))U{a) = p for each p G Mp, 
then {U{a)lo, S} is a Banach frame for Mp with respect to Bd with frame bounds A=B=1. 

4 Quantum tomography with wavelet transform on Ho- 
mogeneous space singular case 

4.1 Homodyne Tomography 

The problem of measuring the density matrix p of radiation has been extensively consid- 
ered both experimentally and theortically[23]. Homodyne tomography is presently the only 
method that can be used to achieve such measurement. This method is based on the idea 
that the density matrix can be evaluated in optical Homodyne experiments from the collection 
of quadrature probability distribution for the radiation state. As shown in [24], the matrix 
can be obtained after calculating the Wigner function as the inverse Radon transform of such 
quadrature distributions [29]. Quantum homodyne tomography is used in quantum optic at 
the measurement of the quantum state of light. In this case, we get [15, 16, 17]: 




(4-1) 



where U {a) = exp{aa^ — a 
^ke^^ this formula becomes 



a*a) is a displacement operator. By Changing polar variable a 




(4-2) 
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where = jg field- quadrature operators that is measured by balance Homodyne 

[18]. 

Now we try to obtain the tomography equation (4-1) via wavelets transform in Banach space. 
Obviously the group is Heisenberg. Since the representation of fails to be square-integrable, 
according to Stone- Von Neumann [30] , we can factor out the center and consider only the 
factor space. 

For the vacuum vector and test functional, we need to choose the identity operator and lo{0) — 
Tr[0] for any operator O, respectively. Then the wavelet formula is given by: 

W:B^ F{a) : 6 ^ p{a) =< p, >=< p, U{a)h >=< pU{a)\ k >= Tr{pU{a)^), (4-3) 

But above reference state is not admissible. Thus according the singular cases, we must select 
a probe vector & B m. which equation (2-5) is non-zero and finite. In this case, the probe 
vector is selected by: 

Po = / \ axa\e- a > ^ (4-4) 

where A is non-zero and finite and bo E B is identity. Since the representation is irreducible 
and C{bo,po) — A, then the inverse wavelet transform in is a left inverse operator on B for 
the wavelet transform W: 

MW ^I^M: F{a) ^ B : p{a) ^M\p]^ MW{p), (4-5) 

then; 

j dp,{a) < p,la > ba ^ j diJ,{a)Tr{pW{a))U{a)bo, (4-6) 

where diJ,{a) = ^ is the invariant measure of the group of translation and group is unimodular. 
For bo is equal to I, the reconstruction procedure of wavelet transform (4-6) leads to the 
tomography relation (4-1). 

In this relation Tr{pW{a)) is Wigner characteristic function. We also can obtain another 
quasidistribution characteristic functions with choosing different representations. For exam- 
ple, for P-function characteristic function [31], Q- function characteristic function [31], Husimi 
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characteristic function [32], Standard-ordered characteristic function [33] and Antistandard- 
ordered characteristic function [34], we need to choose the representations, Uan{<^) — e""^e"""*", 
Un{a) = e-"*"e"»\ Uh{iy) = e'^V^ {b = fxa + va) and //^ - i/2 ^ 1), Us{i.r]) = e^^^e^''^ and 
Uas{C-V) — e*''^e'^^, respectively. 

For the complex Fourier transform of the displacement operator U [14] 

U{a) = I ^U{C)exp{aC - a*0, (4-7) 
the expansion of the operator in terms of the operator U{a) is given by 

72 

[ l^w{a)U{a), (4-8) 

J TT 

where VF(q;) is Wigner function. Also by defining complex Fourier transform for each above 
representation, we can get its tomography relation for each quasidisrbution. Now we will 
try to obtain the atomic decomposition and Banach frame for this example. Let Mp be a 
Banach space and let be an associated Banach space of scalar-valued sequences and let 
{{U{a)lQ} C B*}. Finally by the same choice of vacuum vector, test functional and index 
sequence, we can show that required conditions (a), (b) and (c) are satisfied by atomic bounds 
A=B=1. Therefore, {U{a)bo, ?7(«)/o} is a hnear atomic decomposition of Mp with respect to 
Bd- Similarly, by using the relation (4-1) and definition S, {U{a)bo, S} is Banach frame for 
Mp with respect to Ba with frame bounds A=B=1. We can generahze single mode Homodyne 
tomography to multimode state, too. In the wavelet notation, the irreducible representation 
is If — C/o(8)C/i(8)...(8) Um, which Uj — exp{zjaj — z*dj), and reduced wavelets formula with 
choose 6o = ■■■ is given by: 

W : B F{zo, zi, Zm) ■■ p{zo, Zi, Zm) 

= < P,lzo,z^,...,Zm > = < P,U{zi,Z2, ...,Zm)k > = < pU^{zo,Zi, ...,Zm),k >= tr{pU\zo, Zi, ...,Zm))- 

(4-9) 
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But this reference state is not admissible. Thus according the singular cases, we must select a 
probe vector po & B in which that equation (2-5) is non-zero and finite. In this case, the probe 
vector is selected by: 



\ zo,zi,...,Zm>< zo,zi,...,Zm\e^ A >dii{zo, Zi, Zm), (4-10) 



where 

I Zo, Zi, ...,Zm > = \ Zo > ® \ Zi > ®, \ Zm >, (4-11) 



and 



, . . d Zod Zi d Zm ^A^n\ 

dlJ,{Zo, Zi, Zm) = , (4-12) 

TT TT TT 



where A is non-zero and finite, and bo & B is identity. Since the representation is irreducible 
and c(6o,Po) = A™+^ the inverse wavelet transform in is a left inverse operator on B for 
the wavelet transform W: 

MW ^ I ^ M: F{zo, zi, Zm)^ B : p{zo, zi, Zm) ^ M[p\ 

= MW{p) ^ J M^O: Zi, Zm) < P: lzo,zu-,Zm > K,Zi,...,Zm^ (4-13) 

Then; 

P= / ^_£0 /■ . . . f 'L^Tr[pU\zQ,Zi,...,Zm)]U{zo,Zi,...,Zrn)- (4-14) 

JC JC TT Je TT 

The atomic decomposition and Banach frame is similar to one mode Homodyne, and A , B 
are equal to identity. 

4.2 Phase Space Tomography [14, 19, 20]: 

Any marginal distribution is defined as the Fourier transform of the characteristic function 
>V(X, /x,i/) = / dke~'^^-^ < e'^Km+^'P'> >. This marginal distribution is related to the state of 
the quantum system which is expressed in terms of its Wigner function W{q,p), as follows 

W{X,i,,v) = j dA;e-^'=(^-")iy(g,p)^^^. (4-15) 
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It is possible to express the Wigner function in terms of the marginal distribution of homo- 
dyne outcomes through the tomographic formula. An invariant form connecting directly the 
marginal distribution W(X, u) and any operator was found 

p = J dXdfxduW{X,fi,iy)kf,^, (4-16) 

where the kernel operator has the form: 

^ 27r ^ ' 

Now we can try to obtain the tomography equation (4-16) via wavelets transform in Banach 
space. Obviously the group is Heisenberg in phase space. For the vacuum vector and test 
functional we need to choose the identity operator and lo{0) — Tr[0\ for any operator O, 
respectively. If we apply the induced wavelet transform for representation (j (/x, v) = e~*('^^+'^^\ 
we have: 

W F{ii, v): p{ijL, u) = 

<P,W) >=< P,U{fi,i^)k>=< pU\p,i^),lo>^Tr{pU\fi,u)). (4-18) 

The vacuum vector bo = I is not admissible, then we choose a probe vector with the coherent 
state in the phase space [6] which is a translated Gaussian wave packet: 

Va{q,p){x) = (7r"^/^)exp[-i(- - x)p]exp[ ] (4-19) 

.-(g2+p2) 



Po 



I Va{q,p) >< Va{q,p) \ exp[ ]dqdp, (4-20) 



and the singularity condition gives C(6o,Po) = ^• 

Since the representation is irreducible, the inverse wavelet transform Al is a left inverse oper- 
ator on B for the wavelet transform W: 

p^ j dn{n, u) < p, > = j dndvTr[pU\n, y)\U{p^, u)bo, (4-21) 
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Then for bo = I, we have: 

p = J dfidiyTr[pR\p,u)]R{^,u) = J dpuTr[pe'^^^+''P^]e~'^^'^+''P\ (4-22) 

After simple calculation, we can obtain (4-16). The atomic decomposition and Banach frame 
are similar to one mode Homodyne, and A,B are equal to identity. 

4.3 SU{1, 1) Tomography: 

The Lie algebra su{l, 1) of the SU{1, 1) group is spanned by the operators K^, K^. The 
Casimir invariant operator that labels all the unitary irreducible representations of the group 
is given by {KzY — 1/2{K_^K_ + K_K^) — k{k + 1)1, where the eigenvalue K is also called 
the Bargeman index. 

Then the tomographic formula is given by: 

rd(P rd^tanh(^)rr[{(-l)^^e^(^"'^^--^'''*^+),Kj+p]x (4-23) 
Jo Jo 

^i9/2{e-^'l'K++e^'l'k.)j^ ^-i9/2{e-^'l'K++e^'l'k-) 



. 1 r^^ 

n Jo Jo 



In the following section, we will try to obtain the tomography equation (4-23) via wavelets 
transform in Banach space. Obviously the group is 5'C/(1,1), and subgroup is U(l) with 
reference state bg — I- By choosing 

7r{x) = u\x)kzu{x) (4-24) 

U(x) = {{-lf^e'^'"'^+-'-''^-\K,}+ (4-25) 
, where u{9, (p) = e~*^/^('^ ''''K++e^^K_)^2ij^ the wavelet transform is given by: 

W:B^ F{x) : p p{x) = [Wp]{x) =< U{x~^)p,lo >=< p,7r*{x)lo >= Tr[U^{x)p], (4-26) 

and inverse wavelet transform is given by 

M : F{x) B : p{x) M\p{x)] = / p{x%dii{x) = / p{x)n{x)bodn{x), (4-27) 
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where ti{x) is dual of U{x). The reference state is 60 = but this reference state is not 
admissible. Thus according the singular cases, we must select a probe vector po & B in which 
equation (2-5) is non-zero and finite. In this case, the probe vector is selected by 



Po^J2b" \ r><r\, (4-28) 

r 

where this probe vector is similar to thermal states described by the density operator pT 

1 TV 

PT = -E( ^y\r><r\, (4-29) 

where =< prN >— expihoj^KT)-! 1 ^^"^ ^ ~ ■'■^ temperature this thermal state 

is proportional with identity. Since the representation is irreducible and C(6o,Po) = yz^; the 
inverse wavelet transform in 7W is a left inverse operator on B. Then the tomography formula 
for SU{1, 1) group is given by the formula (4-23). 

Now we will obtain atomic decomposition and Banach frame for this example. Let Mp 
be a coorbit space and let Ba be an associated Banach space of scalar- valued sequences. Let 
{7r(x)Zo} C B*, then we can show that: 

a) {< p,Tx{x% >} = {Tr{pU\x))} G Bd for each / G Mp, 

b) The norms | |p| |mp and | |{Tr(p^''^(x))}| | are equivalent in the sense that they satisfy the 
inequahty (2-7) with the atomic bounds A=B=1, provided that we use the Hilbert-Schmidt 
norm for the operator p 

\\Tr{pU\x))\\^ = j dp{x)Tr{pU^{x))Tr{pTT{x)), (4-30) 

Since the dual couple U{x) and t:{x) satisfy the orthogonality relation [21]: 

Smk^ni = j dp{x) < m\B''{x)\n >< l\C{x)\ >, 

then; 

\\Tr{pU^{xm' = I dp{x)p^rJJ*mn{^)pll7^kl{x) = \\p\\\ 
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and if we use the relation (4-23), we have: 
c) p^Jdf,{x)Tr{pU^{x))n{x), 

Therefore, {n{x)bo,T!'{x)lo} is an atomic decomposition of Mp with respect to Bd with 
atomic bounds A=B=1. Similar to atomic decomposition, {'k{x)Io, S} is a Banach frame for 
coorbit space of operators with respect to Bd with frame bounds A,B are equal to identity. 

4.4 Tomography of a free particle 

Here we will consider the tomography of a free particle. For simplicity we suppose a particle 
with unit mass and use normalized unit h/2 — 1, so that the free Hamiltonian is given by 
Hp — p^- The basis is constituted by the set of operator R{x, r) = e~^^^'^\x){x\e^^^'^ [14]; then, 
a generic free particle density operator can be written as: 

p= / dx dr p{x,t) R{x,t), (4-31) 
Jr Jr 

where p{x, r) = Tr[^ R{x, r)] is the probability density of the particle to be at position x at 
time T. 

Now we try to obtain the tomography equation (4-31) via wavelets transform in Banach 
space. Obviously the group is {P, X, P^, 1} and subgroup is {X, I}. The relevant representa- 
tion for this example is adjoint representation: 

f{x, t)p = U{x, T)pU-\x, t) with U(x, r) = e-'^'^D{x). 

In this representation, D{x) is translation operator, so that D{x)\0) — \x), where \x) is eigen- 
state of position operator and P is the momentum operator. On the other hand if we define: 

<p,k >=lo{p) =Tr{p\0><0\). 

the wavelet transform formula is given by: 

yV : B I— > F{x, t) : p ^ p{x, r) = 
20 



< p, /(a;,r) > = < P, f{x, t)Io > = < f^X, t)p, Iq > = 

tr{f^{x, t)p I >< I) = Tr{U{x, r) | >< | U\x, t)p) = Tr{pe-'^'^ \ x><x \ e^^'"). 

(4-32) 

Also the inverse wavelet transform M. associated with wavelet transform W is: 

MW ^PI ^M: F{x, t)^B: p{x, r) ^ M[p] ^ 

j dp{x,T) < p,1{x,t) > b{x,T) = j dxdTTr[pe~^^ \ x >< x \ e^^ '^]T{x,T)bo, (4-33) 

The vacuum vector is 6o = |0 >< 0|, but this vacuum vector is not admissible. Thus according 
the singular cases, we must select a probe vector po & B in which equation (2-5) is non-zero 
and finite. In this case, the probe vector is selected by 

Po^\D><D\, (4-34) 

where < D \ p >— e d . Its follows from bi-orthogonality and from the following relations 

[14] (for J =Pl,P2,P3,P4) 

/ / dxd. te|%.r)|p.)(p3l%.r)|p.> 

JR JR 

I I dx dr e-^^(f2-J'i+Pi-J'4) \x) {x\p2) {pslx) (xlp^) 

JR JR 

— [ f dx dr e~*'^^2~^i+*'3-P4) qMpi-P2+P3-P4) 

JR JR 

= S{pi-p3)S{p2-p4) . (4-35) 

we can show that the constant on left hand side of (2-5) is C(6o,Po) = -D/2-0r and finally the 
reconstruction procedure of wavelet transform leads to the tomography relation (4-31). In order 
to obtain atomic decomposition and Banach frame for this example, let Mp be a coorbit space 
and let be an associated Banach space of scalar-valued sequences and {{T{x,t)Io} C B*}. 
Finally by the same choice of vacuum vector, test functional and index sequence, we can show 
that the required conditions (a), (b) and (c) are satisfied by atomic bounds A=B=1. Therefore, 
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{T{x, T)bo, T{x, t)Io} is a linear atomic decomposition of Mp with respect to Bd- Similarly, by 
using the relation (4-31) and definition S, {T(x, t)6o, S} is Banach frame for Mp with respect 
to Bd with frame bounds A=B=1. 

4.5 Wavelet transform and Q-function: 

Let g e jO,^{R) with || g \\— 1 and the time- frequency translation of g be: 

= e'-^'^-g{t + X2) = U[x,,X2,0]9it), (4-36) 

where U is the unitary irreducible representation of the Heisenberg group H^. To consider 
an arbitrary function / e L'^{R), we can compute the following inner product for pure state 
sampling [8]: 

F{x^,X2)=<f,g^^'''''^>, (4-37) 

where grl^i'^^z] _ U[xi,X2\g{t) is a coherent state. For the pure states, square of samphng is 
Q-function. 

Now we will try to obtain Q-function via wavelet and we will show that the wavelet transform 
in the Banach space is Q-function. The group is Heisenberg and subgroup is identity and 
representation is adjoint. Then the wavelet transform is given by: 

W:B^ F{a) : 

p ^ p[a) =< p, la >=< p, f{a)h >=< f{a)'^p, lo > . (4-38) 
On the other hand if we choose: 

<p,/o>=/o(p)=Tr[p|0)(0|], (4-39) 
Then the wavelet transform for the adjoint representation is given by: 

W:B^ F{a) : p ^ p{a) = Tr{ f (c/)tp|0)(0|} 

= Tr{ U{a)\p)U{a)\0){0\} = {0\U{a)^{p)U{a)\0) = (q;|p|q;) = Q{a). (4-40) 
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5 Conclusion 



In this paper we have generahzed wavelet transform and its inverse for tomography of density 
operator in Banach space on homogeneous space. Also we have explained some examples of the 
using the wavelet formalism in quantum tomography on homogeneous space and introduced 
frame and atomic decomposition for each of them. We have also presented the connection 
between the wavelet formalism on Banach space and Q-function. 
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